A FORMULA FOR THE NUMBER OF RETRACTS OF FINITE BOOLEAN ALGEBRAS
In this paper we will construct and count the retracts of a finite Boolean algebra. The construction is based on some of the already known facts from the theory of Boolean algebras. We denote a Boolean algebra by A.
1. Let A be the (principal) ideal of A generated by an element -E e A . Then A | E s A / A .
The isomorphism is given by h(A) = [A]
for A e A | E (Sikorski, [1] pp. 30-31).
Let h : A » A be an endomorphism, h is a retract
if h|h(A) = identity, i.e.
h(x) = x for all x e h(A).
Since, h.(A) = A / A , we can find retracts as follows.
We take A (generated by -E e A . We find A / A and the The number of elements in the class equals the number of all elements of A i.e. the number of all subsets of 2 {a a }, that is 2 . The number of possibilities for 3 n selection of E is ( n ). Hence, the number of possibilities
Let P(n,k), n = 1,2 is ksn denote the number of partitions of {1,2 n} into k non-empty disjoint subsets (blocks) such that no member of these partitions is a subset of {k+1 n>.
6. Theorem. Let A be a finite Boolean algebra : |A| = 2 n . The number of retracts of A onto the 2 k -elements subalgebras of A (1 s k s n) is exactly (£) P(n,k).
Consequently, the number of all retracts of A is We now prove Theorem 6 in general case for arbitrary Is ks n. We may assume that A = 2 where X= {a,a a}. Thus we have shown that for every partition of {1 n} into k blocks such that no block is subset of {k+1 n} we can have a subalgebra of A formed from elements selected from the abstraction classes A / A, and for different partition we obtain different subalgebras. Since every subalgebra defines a retract of A onto this subalgebra for a fixed E, we obtain it P(n,k) retracts onto 2 -elements subalgebras. This ends the proof of Theorem 6.
7. Lemma. We have P(n, k) = k n " k .
Proof. We prove first the recurrence formula P(n+1,k) = P(n,k)-k .
In fact, from each partition T of the set {1,2 k, k+1 n> into k non-empty disjoint subsets (satisfying the condition of Def. 5) we can obtain a partition of the set {1,2 n+l> into k non-empty subsets by adding to a member of T the element n+1.
Of course, no member of this new partition is a subset of {k+1 n, n+1} .
From each partition of {1,2 n> (satisfying Def. 5) we obtain in this way k new partitions of {1,2 n+1} .
